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Abstract 

We analyze the ^-product induced on .F(R 3 ) by a suitable reduction of the Moyal product 
defined on J^M 4 ). This is obtained through the identification R 3 ~ g*, with g a three- 
dimensional Lie algebra. We consider the su(2) case, exhibit a matrix basis and realize the 
algebra of functions on su(2)* in such a basis. The relation to the Duflo map is discussed. 
As an application to quantum mechanics we compute the spectrum of the hydrogen atom. 



Introduction 



There has been recently a renewed interest in noncommutative structures on R 3 , mainly because 
of their occurrence in quantum gravity models pQ, where R 3 , or copies of it, are identified with 
the dual algebra of the appropriate Lorentz group. In such framework * products are mainly in- 
troduced through a group Fourier transform (see for example [21 [3] ) , invoking compatibility with 
the group convolution. However, direct definitions are available in the literature, which don't 
rely on the existence of a group Fourier transform and have obvious calculational advantages. 
In view of applications to quantum field theory ([3j) we concentrate on this approach and refer 
to the cited literature for the other (cfr. [5] where a comparison is made in the last section). 

Besides their appearence in the quantum gravity context, noncommutative structures on R 3 
are very interesting because of their emergence in the quantization of standard dynamical sys- 
tems. To this, we shall discuss in some detail the application to the quantization of the hydrogen 
atom. As for their implications in quantum field theory, such that their renormalization prop- 
erties and the UV/IR behaviour, which are quite different from noncommutative field theories 
on Moyal (hyper-)planes, they are analysed in [3]. 

The main object of this paper is to study in detail a family of star products introduced 
long ago in [6]. These products are obtained by a suitable reduction of the Moyal product 
on R 4 on identifying the coordinate functions on R 3 with one of the many subalgebras of the 
algebra of quadratic- linear functions on R 4 , the latter being isomorphic to the symplectic algebra 
sp(4). This procedure induces on R 3 a non-constant noncommutativity of Lie algebra type. 
We concentrate on the su(2) case, introduce a matrix basis and, in the spirit of deformation 
quantization, propose an application to the quantization of the hydrogen atom. At the same 
time we review a mathematically preferred quantization map, the Duflo isomorphism and show 
that our ^-product and the related quantization scheme are singled out among other possible 
definitions in that they agree with the Duflo map. 

The paper is organised as follows. In Section[T]we review the family of * products introduced 
in [6] and we focus on the SU(2) related ^-product. In Section[2j we define a matrix basis through 
a suitable reduction of the Moyal (hyper)-plane matrix basis [7], which has been so crucial for the 
renormalizability proof of the Grosse-Wulkenhaar model [8]. The exhistence of a matrix basis 
for the three dimensional case is an important calculational tool, as it reduces the * product to 
a matrix product. In Section [3] after a short revision of the Duflo isomorphism we compute its 
value for the quadratic Casimir of SU(2) and apply it to the quantization of the hydrogen atom, 
showing that it reproduces the correct spectrum if the whole symmetry of the system is taken 
into account. In Section |4] we perform the same calculation within the ^-quantization associated 
to the * product defined in Sections CD and [2] and show that this * product is singled out among 
other possible definitions because of its agreement with the Duflo quantization. We conclude 
with some comments and perspectives. 
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1 Moyal induced star products on .F(R 3 ) 



Let us consider the Moyal product [9l [10] denned on on .F(IR 4 ) ~ ^(C 2 ). On using complex 
coordinates (z a , z a ), a = 1, 2 we have 



(f*Mg)(z,z) = f(z,z)exp 



g(z,z) (1.1) 



where the operator d (resp. a) acts on the left (resp. on the right). It is well known that this 
product is induced through the Weyl quantization map [11] which, in two dimensions, associates 
to a function on the plane an operator according to: 



/ = W(/) = ^2 J d'zn(z,z)f(z,z) (1.2) 

where 

n(z,z)= I tfrie-^-^tot-n*) (1.3) 



is the so called quantizer and a, a' are the usual (configuration space) creation and annihilation 
operators, with commutation relations 

[a,a^} = 9. (1.4) 

The inverse map (the Wigner map [12] ) is represented by: 

f( Zj z) = W -l(f) = Tr[ff(z,z)) (1.5) 

with T(z,z) = Q(z,z), meaning that the Weyl- Wigner quantization/dequantization procedure 
is self-dual (see [13] for details). 

The Moyal product is then defined as 

/*MS = W~ 1 (w(/)W(s)). (1.6) 

The Weyl-Wigner-Moyal quantization scheme is the prototype of deformation quantization 
[14] , where the algebra of operators is replaced by an algebra of functions with noncommutative 
product. From the latter expression it is not difficult (see for example [15J) to obtain integral ex- 
pressions for the product, a few of which are collected in [6j Appendix]. The standard expression 
(jl.ip is indeed an asymptotic expansion of the integral expressions [16] . It results 

e 

z*mz = z ■ z + - 

e . , 

z*mz = z ■ z - -. (1.7) 

The dimension of the parameter 6 depends on the physical meaning of the carrier space M 2 . 
In what follows we will choose the coordinate functions z a ,z a and 9 to be dimensionless. The 
generalization to the four dimensional case is straightforward. We recall that Weyl quantization 
associates to polynomial functions operators in the symmetric ordering, as opposed to other 
quantization schemes (see for example [17] ). 
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What is properly defined as the Moyal algebra is Mg := M L (R^) n M R (Mj) where M L (M^), 
the left multiplier algebra, is defined as the subspace of tempered distributions that give rise 
to Schwartz functions when left multiplied by Schwartz functions; the right multiplier alge- 
bra Aiji(M.t) is analogously defined. For more details we refer to the appendix in [6] and 
references therein. In the present article we shall think of Aig as the algebra of ^-polynomial 
functions in z a ,z a properly completed. Its commutative limit, ^(R 4 ), is the commutative mul- 
tiplier algebra 0jv/(R 4 ), the algebra of smooth functions of polynomial growth on R in all 
derivatives [18] . 

The crucial step to obtain star products on ^(R 3 ), hence to deform J-"(R 3 ) into a noncommu- 
tative algebra, is to identify R 3 with the dual, g*, of some chosen three dimensional Lie algebra 
0. This identification induces on .^(R 3 ) the Kirillov Poisson bracket, which, for coordinate 
functions reads 

{xi,Xj} = c^Xk (1.8) 

with i = 1, ..,3 and the structure constants of q. On the other hand, all three-dimensional 
(Poisson) Lie algebras may be realized as subalgebras of the symplectic algebra sp(4), which 
is classically realized as the Poisson algebra of quadratic-linear functions on R (C 2 with our 
choices) with canonical Poisson bracket 

{z a ,z b } = i. (1.9) 

It is then possible to find quadratic-linear functions 

Xi = Xi (z a ,z a ) (1.10) 

which obey (ll.8p . This is nothing but the classical counterpart of the Jordan-Schwinger map 
realization of Lie algebra generators in terms of creation and annihilation operators |19j . Then 
one can show |6j that these Poisson subalgebras are also Moyal subalgebras, that is 

X t (/, Z a ) * M ^(Z, Z a ) - ^-(/, *M ^(^, 2 S ) = A4^(/, (1.11) 

where the noncommutative parameter A depends on 9 and shall be adjusted according to the 
physical dimension of the coordinate functions Xj. Occasionally we shall indicate with R 3 the 
noncommutative algebra (J-"(R 3 ),*). Eq. (jl.lip induces a star product on polynomial functions 
on R 3 generated by the coordinate functions Xi, which may be expressed in closed form in terms 
of differential operators on R 3 . For details we refer to [6] where all products are classified. Here 
we will consider quadratic realizations of the kind 

vr*(x M ) = nz a efz b , /i = 0,..,3 (1.12) 

with ej = \(Ji, i = 1, .., 3 are the SU(2) generators and cij are the Pauli matrices, while eo = \l- 
Here we have explicitly indicated the pull-back map it* : J^R 3 ) i-> J^R 4 ). We will shall omit 
it in the following, unless necessary, n is some possibly dimensional constant such that A = k9. 
Notice that 

4 = J2 x l (1.13) 

i 

It is possible to show that [6] 

f A A 2 1 ] 

(xi*<j))(x) = <Xi- i-e ijk Xjd k - —{{I + x ■ <9)<9; - -x { d ■ d] > <j){x) (1.14) 
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which implies for coordinate functions 




(1.15) 



where we have indicated with * the induced star product. Moreover we have 



(1.16) 



[xo, 4>{xi)]i, = o 



(1.17) 



That is, xo lies in the center of the algebra R|, so that the latter may be equivalently defined 
as the commutant of xq. 

It is possible to use other star products on M 4 such that the polynomial algebra generated 
by the coordinate functions in Eq. (|1.12p is still a subalgebra with the same ^-commutator. 
See for example |20j where the Voros product has been used. This corresponds to the choice of 
normal ordering at the level of * quantization in M 4 . For applications of the Voros and other 
translation-invariant * products to 4-dimensional quantum field theory (QFT) see for example 
[21], [22], [23]. While these products yield the same * commutator between coordinates, they 
might have important consequences which will be discussed in the last section. 

The expression (|1.14p which was derived in [6] for the star product in K| is practically difficult 
to use when we need to extend it to the product of two generic functions. In next section we 
shall derive a matrix basis for which makes it much easier to compute the ^-product. We 
shall see that it reduces the * product (11.141) to matrix multiplication. 

2 Matrix formulation of M.\ 

In this section we derive a matrix formulation of M$ which is based on a suitable reduction of 
the matrix formulation of the Moyal space M 4 first introduced by Gracia-Bondia and Varilly in 
[7J. We also discuss the meaning of the new matrix basis in connection to the ^-quantization 
of the angular momentum and to the Wigner functions associated to the density operator of 
angular momentum states. To this, let us first review the derivation in [7J for the two and four 
dimensional case. 

2.1 The matrix basis of Rj n 

To a function on M 2 we associate via the Weyl map (|1.2[) the operator 



<p(z, z) —> 4>{a, a'). 



(2.18) 



This may be expanded into symmetric ordered powers of a, a 



t 




(2.19) 



with : : denoting the symmetric ordering. On using the number basis 



a 



a\n) 



n\n) 



(2.20) 
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together with 

a\n) = Vn6\n - 1) a f |n> = ^/n + l)9\n + l) (2.21) 

we may rewrite (|2.19p as 

= I> P <M(<Z| (2.22) 

P,Q 

with 4> pq , related by a change of basis 

On applying the Wigner map we obtain a function in the noncommutative Moyal algebra 

if>(z,z) = ^2<l> pq f P g(z,z) (2.24) 
p,q 

with 

f pq (z,z) = W- l (\p)(q\) = -j=L= z**m foo*M zfl (2.25) 

and 

f 00 {z,z) = 2exp(-2zz/9). (2.26) 
This Gaussian is idempotent w.r.t. the Moyal star product as it satisfies the condition 

Zoo *M foo(z, z) = foo(z, z) (2.27) 

Let us recall that, when qualifying M? as the phase space of 1-dimensional systems, the basis 
functions f pq (z,z) in the ^-quantization scheme correspond exactly to the Wigner functions 
associated to the density operator of the quantum oscillator states. 

The basis elements f pq (z, z) may be seen to obey 

fpq *M fkl = Sqkfpl (2.28) 

either by direct calculation, on using (|2.27|) . or by observing that, by definition 

fpq+Mfkl =W- 1 (\p)(q\k)(l\). (2.29) 

Moreover 

Jd 2 zf pq (z,z) =27T0<W ( 2 - 3 °) 
The extension to M.g is straightforward. We have 

4>{z a , Z a ) = ^2 0pqfpq( Z a, Za) (2.31) 
pq 

with a = 1,2, p = (px,P2) and 

fpq{Za,Za) = (|piP 2 ) (?1?2 1 ) = fpi ,qi (zi , Z\ ) ■ f P2 ,q 2 (z 2 , Z 2 ) ■ (2.32) 

In order to describe elements of Rg (resp. R|), the sequences {4> pq } (resp. {4> pq }) have to be of 
rapid decay [TJ. 
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2.2 The matrix basis of M.\ 

In order to obtain a matrix basis in three dimensions, compatible with the product (|1.14|) . we 
resort to the Schwinger-Jordan realization of the su(2) Lie algebra in terms of creation and 
annihilation operators. We observe that the eigenvalues of the number operators N\ = a\a\, 
N2 = CL2CL2, say p\,P2, are related to the eigenvalues of X 2 , X%, respectively j(j + 1) and m, by 

Pi+P2 = 2j pi - p 2 = 2m (2.33) 
with pi £ N, j £ N/2, —j<m< j, so to have 

\P1P2) = I J + m,j-m) = \jm) = )]> K J> ==|00) (2.34) 

VU + ™) ! U -m)\ 

where Xi,i = 1, ..,3 are the standard angular momentum operators representing the su(2) Lie 
algebra in terms of selfadjoint operators on the Hilbert space spanned by \j, m). Then we may 
relabel the matrix basis of Mg, Eq. (|2.32p as /.^, so to have 

j J 

<t>(z a ,Z a )= Yl Yl ^mrhfmm( Z a,Za) (2.35) 

jjeN/2 m=—j m=— j 

We further observe that, for <fi to be in the subalgebra K.| we must impose j = J. To this it 
suffices to compute 

•'•o */,:;„. JL.*->-o Mj l)flfn ( 2 -36) 
and remember that M| may be alternatively defined as the *-commutant of xq. This requires 



We have then 



with 



(2.37) 



*o*) = E E VmtfLn ( 2 - 38 ) 

j m,m=—j 



-j+m , r i- \ , j+m-j—m r /- \ , j—rh 

j _ rjj z \ *M TOO (fl)_fl) *M 4 *M 700 (^2 , -Z2 ) *M 4 / 9 n Q \ 



yj (j + rnjUjj — m)\(J + injUj — m)!# 4j 
It is useful to recall its expression in terms of the Wigner map. We have 



3 -W- 1 (\jm)jm\) (2.40) 



v 

mm 



In view of the application to Quantum Mechanics one can recognize this as the Wigner functions 
of the angular momentum eigenstates, that is the Wigner symbols associated to the density 
operator (cfr. for example [24J)0 The orthogonality property now reads 

^mm*C = ^WW (2.41) 



* See also [25] where symbols for the angular momentum states are introduced in a different *— quantization 
scheme, the so called tomographic or probability representation of quantum mechanics [261 127] ^ . 
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As for the normalization we have 

J d 2 Zl d 2 z 2 v 3 mfh (z, z) = ^ 2 6 2 5 mm (2.42) 

The star product in becomes a matrix product 

while the integral may be defined through the pullback to 

f cf)*i(>:=K 2 [ ir*(<f>)* M it*(i(j) =4vr 2 A 2 Tr$^ (2.44) 

hence becoming a traced 

In analogy with the present derivation, the matrix basis adapted to the Voros product can 
be found in [29], and it is reduced to 3 dimensions in [4] where applications to 3d QFT are 
studied. 



2.3 The ^-quantization of the the SU{2) generators in the matrix basis 

For further application to the quantization of the hydrogen atom let us work out in detail the 
realization of the SU(2) generators in the matrix basis. On using the expression of the generators 
in terms of z a ,z a and the basis transformations f|2.23|) we find their expression in the matrix 
basis 



x+ 



x 3 



x 



were we have introduced 



This yields 



kz iZ2 = A ^2 \/ (i + m)(j -m + \)v 3 mm _ x 



3,™ 



kz 2 z 1 = A ^ VC? + m + f)< m+1 

K . 



-{z x z\ -z 2 z 2 ) = 



mvt 



(z lZl +z 2 z 2 ) = xYjU + \. 



x± := xi ± ix 2 



(2.45) 
(2.46) 
(2.47) 
(2.48) 

(2.49) 



x +- kv Lfh = W ti + m + l){j - m) v J m+lrh 
x -* v Lm = WU -m + l)(j + 



XmvL 



X 3* V mm """"mm 



V mm * X + 



V mm * X 



Ay 7 (j -171+ l)(j + fh)v, 

+ m + -fn) 



3 

mm— l 

J 

m m+1 



*X3 = Xrhv 



3 

mm 



(2.50) 



' If we were to perform our analysis in the coordinate basis, without recurring to the matrix basis, we should 
use a differential calculus adapted to R 3 X as the one introduced in [28] . 
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The same result could have been easily obtained on using directly the expression of the basis 
elements v 3 mih and of the coordinates variables as functions on R and using the Moyal product. 
We have then 

x o*x *vl n ^ = \ 2 (j + -) 2 vl rh (2.51) 

which is different from 

(~(X-*X + + X + *X-)+X 3 *X^\ V 3 mfh =X 2 j(j + l)4nm ( 2 - 52 ) 

3 The Duflo map 

The Duflo isomorphism [30J first appeared in Lie theory and representation theory. For a 
detailed and pedagogical review we refer to [3T]. It is an algebra isomorphism between invariant 
polynomials of a Lie algebra and the center of its universal enveloping algebra. Kontsevich [32] 
later refined Duflo's result in the framework of deformation quantization. 

Since the fundamental results by Harish-Chandra and others, it is now well understood that 
the algebra of invariant polynomials on the dual of a Lie algebra of a particular type (solvable, 
synple or nilpotent) is isomorphic to the center of the corresponding universal enveloping algebra. 
This fact was generalized to an arbitrary finite-dimensional real Lie algebra by Duflo in |30| . 
This isomorphism is called the Duflo isomorphism and it is obtained on composing the Poincare- 
Birkhoff-Witt isomorphism (which is only an isomorphism at the level of vector spaces) with an 
automorphism of the space of polynomials. 

Because of its very definition the Duflo is a mathematically preferred quantization map, 
although it is often objected in the physics literature that its application to physics is ambigous as 
it doesn't reproduce the correct energy spectrum for well known problems in quantum mechanics 
like the quantization of the hydrogen atom0 Hereafter we will first derive the map for the 
quadratic Casimir of the rotation group and then apply it precisely to the hydrogen atom 
showing that we obtain the correct spectrum if the whole SO (4) invariance of the system is 
taken into account. 

Let us indicate with S(g) the symmetric algebra over the Lie algebra q. This may be identified 
with the polynomial functions of S(q)*. This is isomorphic to the universal enveloping algebra 
U(g) as a vector space. Let us consider the subalgebra of ad invariant polynomials, S(q) 3 and 
let us define the Poincare-Birkhoff-Witt map 

Ipbw ■ S(q) s Z(U(q)) (3.53) 

IpBw{xi,.-x n ) = — x a{1) ..x a ( n) (3.54) 

' <r(p)en(n) 

with Z(U(q)) the center of U(q). This is an isomorphism of vector spaces but not in general an 
isomorphism of algebras. Generalising previous results of Haris-Chandra to all finite dimensional 
Lie algebras Duflo proved in [30J that it could be extended to an algebra isomorphism. Upon 
defining 

j a (x) := det 2 



For applications to Quantum Gravity see [2l 133]. 



sinh |ad x 



(3.55) 
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the Duflo isomorphism 
is proven to be 
where 



Xd : S(qY -> Z(U(g)) 

XD = IPBW°P{9) 



d ■= n— 



(3.56) 
(3.57) 
(3.58) 



Tj are the generators of the Lie algebra in the adjoint representation and djdx 1 are differential op- 
erators acting on the universal enveloping algebra. For the su(2) case the adjoint representation 
is given by the defining representation of so (3), that is 



(3.59) 





( 












( 












( 





— i 




Tl = 

























1- 




i 





S) 




\ 





i 


" J 




{ 


— i 









K 











Up to the second order in the generators we have then 

j*(x) = det 
where we have used 



i + iZ^il! + (x 4 ) 



24 



1 (nxi) 2 



1 + 



2 12 



1 + 



24 



00 f—i\n+l 
In det (1 + A) = ^ ~ tr A n 



(3.60) 
(3.61) 



When replacing (|3.60p in the Duflo isomorphism (|3.56p and applying it to polynomials of second 
order we obtain 



XD(xjXk) = IpBW ° U + ( x j x k) = IpBw(XjXk) + J^Sjk 

When applied to the Casimir function XjXj we finally obtain 



IpBw{XjXj) = XjXj + - 



(3.62) 



(3.63) 



where XjXj IS ctll element in the symmetric algebra, that is the symmetric functions on M 
which will be our classical observables, while XjXj indicates a polynomial in the center of the 
universal enveloping algebra. We then represent the latter as an operator acting on the Hilbert 
space X = {\j,m),j £ N/2, —j<m< j} of the angular momentum eigenstates 

p : XjXj XjXj : X h-> X (3.64) 

so that the Duflo quantization prescription for the symmetric function XjXj reads 

X ■ XjXj XjXj + -I (3.65) 

with x = P ° X an d we obtain for the spectrum 

x(xjXj)\jm) = + 1) + j)\jm) = (j + ^) 2 \jm) (3.66) 

Let us stress the factor 1/4 which modifies the spectrum. In next section we shall apply this 
quantization scheme to the hydrogen atom. 
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3.1 The hydrogen atom 



The hydrogen atom belongs to the well known class of Keplerian systems, its reduced Hamilto- 
nian being of the form 

H = ^--- (3.67) 
2m r 

with m the reduced mass of the electron and k the Coulomb constant multiplied by the square 
of the electron charge. It is well known that the system is super-integrable, with 7 constants of 
motion, 5 of which being independent. Besides the Hamiltonian, we have the angular momentum 

L = r x p (3.68) 

and the Runge-Lenz vector 

A = p x L - mk- (3.69) 

r 

with 

A • L = 0, A 2 = 2mHL 2 + m 2 k 2 (3.70) 

On considering only negative values for the energy (as we will be interested in the discrete 
spectrum of the quantum system) we define 

D = A ■ (3.71) 
V2m\E\ 

The angular momentum and rescaled Runge-Lenz components close the 50 (4) Lie algebra w.r.t. 
the canonical Poisson brackets on T*R 3 , {pi,qj} = We have indeed 

{Li,Lj} = eijkLk (3.72) 
{Di,Dj} = e ijk L k (3.73) 
{L u Dj} = e ijk D k (3.74) 

On introducing two sets of mutually commuting su(2) generators 

B = ~(D + L), C = ~(D-L) (3.75) 

we have 

D 2 + L 2 = 2(B 2 + C 2 ) = ^ (3.76) 

that is, the energy can be expressed in terms of the two quadratic Casimir functions of the 
so (4) ~ su(2) (g>su(2) algebra. 

In order to achieve the quantization and obtain the energy spectrum for bounded states we 
resort to the Duflo quantization map (|3.65[) and obtain 

x(BjBj) = B 3 B 3 + ~I ftCjCj) = C 3 C 3 + ~1 (3.77) 



so that 



X(B 2 + C 2 ) = B 2 + C 2 + h (3.78) 
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Resorting to the relation with the Runge-Lenz vector and the angular momentum we find 

X(D 2 + L 2 ) = x [2(B 2 + C 2 )] = 2(B 2 + C 2 ) + I (3.79) 
We then observe that B 2 = C 2 because of D • L = 0. Therefore 

X(D 2 +t 2 )\j,m) = (4B 2 +t)\j,m) = (4j(j + 1) + l)\j,m) (3.80) 
Posing 2j = n with n integer and solving for the energy we finally find 

|£ l = WTW (3 ' 81) 

which is the correct result. 

4 The hydrogen atom in the ^-quantization approach. Conclu- 
sions 

In order to compare with the ^-quantization approach induced by the star product we have 
derived in section [2] we have explicitly computed the action of the su(2) Lie algebra generators 
in the matrix basis in section [231 We have found for the Casimir function xq 

X * = V Lm * X = A 0' + \) V L m ( 4 - 82 ) 



' -«* • - A 2 (, • irrt,,, (4.83) 



so that 

This is in fact the symbol of the eigenvalue equation 

X 2 |j,m) = c(j,m)\j,m) (4.84) 

in agreement with the result of the Duflo quantization as in (|3.63p . Let us notice that, had 
we chosen a different ^-product on M. than the Moyal product, compatible with the same *- 
commutation relations for the coordinate functions f|l.Tj) . we would have obtained a different 
result for the quantization of the Casimir function, although inducing the same ^-commutation 
relations for the M 3 coordinate functions as in (]1.16p . For example, the Voros product, in the 
properly defined matrix basis, v 3 mifl would give [4] 

*v v J m rh = v J mrh * v x = Xj v J mrh (4.85) 

and the constant shift is not at all anodyne when the result is applied to the hydrogen atom 
spectrum. This is probably due to the fact that only the Moyal quantization is selfdual (meaning 
that we can use the same operator to map the observables and the states to noncommutative 
symbols). This suggests that in other quantization schemes we shouldn't use the same matrix 
basis for the observables and the states as indicated in [13] (also see [34] were the problem of 
the equivalence of Moyal and Voros quantization is discussed) . We shall come back to this issue 
elsewere. 
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To conclude, the Moyal-induced * product on M 3 first introduced in [S] is singled out among 
other ^-quantization schemes in that it agrees with the Duflo quantization map of su(2) Casimir 
elements. We speculate that the same result will old true for Casimir functions of other three 
dimensional Lie algebras, whose corresponding Moyal-induced * products on M 3 are illustrated 
in [6]. Moreover we stress once again that the correct spectrum of quantum systems with a 
central potential is reproduced in the quantization scheme discussed in the paper. 
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